We present simple and direct proof to an important case of NashMoser-Ekeland theorem.
Introduction
In the work [2] Ekeland proved Nash-Moser type theorem (e.g. [3, 1] ) for Gâteaux differentiable function.
Theorem 3 below strengthens [2, Theorem 1] in the sense that all norms are estimated simultaneously. The restrictions on the spaces here are more restrictive, but the cases most important for applications are covered.
Here we present simple and direct proof of this result which in [4] is a corollary to a more general theorem proved for multivalued maps and requiring more sophisticated techniques.
The paper is organised as follows. In Section 2 we recall some definitions and also what we need from the framework of [4] . In Section 3 we prove the result mentioned above.
Notations and preliminaries
We use closed balls, so for a metric space (Y, ρ) and r ≥ 0
Recall that Fréchet space (X, · n ) is a linear space X with a collection of seminorms · n , n = 0, . . . , ∞, which is separating, that is, x n = 0, ∀n, if and only if x = 0. Moreover, equipped with the shift-invariant metric
(X, ρ X ) must be complete metric space. It is easy to see that X is locally convex. Note that
Perhaps the most used example of Fréchet space is X = C ∞ (Ω), where Ω is a compact domain in R n . In [4] we slightly abstract this case by calling CI space (from C-Infinity) any X = ∩ ∞ 0 X n , where (X n , · n )'s are nested Banach spaces: X n+1 ⊂ X n , such that the identity operator from X n+1 into X n is compact. As the notion suggests, we mostly have in mind X n = C n (Ω), where Ω is compact domain in R n .
The property of CI spaces we use is given in Proposition 2, but we need one more definition before that.
The next result is straightforward and can be found in [4] . Here we give its proof for completeness.
is a Fréchet space and, moreover, Π s (X) is compact for each s ∈ R ∞ + . Proof. If a sequence is Cauchy in X then it will be Cauchy and, therefore, convergent in each of X n 's, so also convergent in X. Therefore, X is complete in its metric ρ X defined by (1) .
Let B Xn := {x ∈ X n : x n ≤ 1} be the closed unit ball of (X n , · n ). It is clear that
is closed. We will show that it has finite ε-net for each ε > 0. To this end fix ε > 0 and let k be so large that for
and ρ X defined by (1), it is fulfilled that
Since · k is stronger than · 1 , . . . , · k−1 , the metric ρ k (x, y) defines the same topology on X k . Since by assumption s k+1 B X k+1 is a compact subset of X k , there is a finite ε-net to s k+1 B X k+1 in (X k , ρ k ). That is, there are a 1 , . . . , a m ∈ X k such that
. By triangle inequality (a i ) i∈I is a 2ε-net to Π s (X) in (X k , ρ k ). From (3) it follows that (a i ) i∈I is a 3ε-net to Π s (X) in (X, ρ X ).
Main result
Let us recall that if (X, ρ X ) and (Y, ρ Y ) are linear metric spaces, and
We present a simple proof of the following result form [4] .
Assume that there are c > 0 and d ∈ {0} ∪ N, such that for each x ∈ X and v ∈ Y ∃u ∈ X : f (x)u = v and u n ≤ c|v| n+d , ∀n ≥ 0.
Then for each y ∈ Y there is x ∈ X such that f (x) = y and x n ≤ c|y| n+d , ∀n ≥ 0. Condition (4) can be rewritten as
We will show that f (tΠ s (X)) ⊃ αtΠ s (Y ), ∀t > 0, ∀s ∈ R ∞ + . So, fix s ∈ R ∞ + andȳ ∈ αΠ s (Y ). Let ε > 0 be arbitrary. Define
where d ρ Y denotes the distance function related to the metric ρ Y . Denotē t := sup t∈I t.
Suppose thatt is finite. Then there are t n →t and x n ∈ t n Π s , such that
The settΠ s (X) is compact, so there isx
From the Gâteaux differentiability of f at x, for some δ > 0 and all s ∈ [0, δ] we have that ρ Y (f (x+sh), f (x)+sȳ) < sε. So,x+sh ∈ (t+s)Π s (X) and Thus,t + δ ∈ I, contradiction. Therefore,t = ∞. In particular d ρ Y (tȳ, f (tΠ s (X)) ≤ tε for all t > 0, and we are done, because f (tΠ s (X)) is compact, so tȳ ∈ f (tΠ s (X)).
